This paper is a sequel to [K]. Let G be a complex symplectic group. In [K], we constructed a certain G-variety N = N1, which we call the (1-) exotic nilpotent cone. In this paper, we study the set of G-orbits of the variety N. It turns out that the variety N gives a variant of the Springer correspondence for the Weyl group of type C, but shares a similar flavor with that of type A case. (I.e. there appears no non-trivial local system and the correspondence is bijective.)
Main results
Let G = Sp(2n, C) be a complex symplectic group. Let B and T be its Borel subgroup and a maximal torus of B, respectively. We denote by X * (T ) the character group of T . Let R be the root system of (G, T ) and let R + be its positive part defined by B. Let W := N G (T ) be the Weyl group of (G, T ). We denote by W ∨ the set of isomorphism classes of simple W -modules. We embed R and R + into a n-dimensional Euclid space E = ⊕ i Cǫ i as:
We define V 1 := C 2n and V 2 := (∧ 2 V 1 )/C. These representations have B-highest weights ǫ 1 and ǫ 1 + ǫ 2 , respectively. We put V := V 1 ⊕ V 2 and call it the exotic representation of Sp(2n). For a G-module V , we define its weight λ-part (with respect to T ) as V [λ] . The positive part V + of V is defined as
We define
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We denote the image of µ by N. This is the G-variety which we refer as the exotic nilpotent cone. By abuse of notation, we may denote the map F → N also by µ. We put G = G × C × × C × . By construction, N admits a natural action of G. The basic properties of N are:
Theorem A (Geometric properties of N, [K] 1.2). We have:
The variety N is normal;
3. The map µ is a birational projective morphism; 4. The map µ is stratified semi-small with respect to the stratification of N given by G-orbits.
Definition B. Let P 2 (n) denote the set of pairs (λ, µ) of partitions such that |λ| + |µ| = n.
Theorem C (= Corollary 6.6). The set of G-orbits of N is in one-to-one correspondence with P 2 (n).
The proof is divided into three steps: First, we introduce a set MP (n) and construct a bijection with P 2 (n). This is done via an intermediate set SP(n). Then, we construct a map MP(n) → G\N and show it is surjective. This surjectivity statement is an enhancement of a correspondence given by Sekiguchi-Ohta [Se84, Oh86] . Finally, we deduce the injectivity as a byproduct of Theorem D explained in the below.
Let O be a G-orbit in N. Let X ∈ O. By means of the Ginzburg theory [CG97, Gi97] and [K] 2.13, we equip the vector space
with an action of W . Here the RHS is independent of the choice of X ∈ O (as W -modules).
Theorem D (= Theorem 6.5). The assignment O → M O establishes a oneto-one correspondence between the set of G-orbits of N and W ∨ .
This is an enhancement of the both of Grinberg's generalized Springer correspondence [Gr98] and our exotic Deligne-Langlands correspondence [K] . Apart from the Ginzburg theory and weak form of Theorem C, the proof depends on the two facts: One is the numerical identity |MP(n)| = |W ∨ |, and the other is the connectedness of the stabilizer of G-orbits of N. The former is a numerical version of a combinatorial bijection P 2 (n) ↔ MP(n) defined as above. We utilize the Jordan decomposition to reduce the situation to the Levi parts to prove the latter. These arguments form a technical heart of this paper.
For each λ ∈ X * (T )\{0}, we fix a basis element
. Then, the most simple non-trivial example of our results is :
Example E (n = 2). Let G = Sp(4, C) and let N be the nilpotent cone of sp(4, C). Let X[α] ∈ sp(4, C) be a non-zero T -root vector corresponding to α. We put α 1 := ǫ 1 − ǫ 2 . We have:
Here the sets G\N and G\N specifiy the corresponding orbits in our result and the Springer correspondence, respectively. If we denote the usual Springer resolution by µ S , the above table implies:
Preparatory materials
In this section, we collect some extra notation which we use throughout this paper. For each X ∈ V, we write
where
. We define the support of X as
The following definition of Jordan normal form is a slight enhancement of the good basis of Ohta [Oh86] . (See also Igusa [Ig73] .) Definition 2.1 (Jordan normal form). A Jordan block J(λ) of length λ and position i is one of the following vectors in V:
Definition 2.2 (Marked partitions).
A marked partition λ = (λ, a) is a partition λ = (λ 1 ≥ λ 2 ≥ . . . , ) of n, together with a sequence a = (a 1 , a 2 , . . .) such that:
We denote the set of marked partitions by MP(n). For (λ, a) ∈ MP(n), we put
It is clearly a Jordan normal form.
For a G-variety X , we denote the set of G-orbits of X by O X .
Remark 2.3 (Ohta [Oh86] §2). Let 0 denote the sequence (0, 0, . . .). Then, the assignment
gives a one-to-one correspondence.
Combinatorial correspondence
We retain the setting of the previous section. In this section, we present combinatorics which is needed in the sequel.
Theorem 3.1. The set P 2 (n) is in one-to-one correspondence with MP(n)
Since the set P 2 (n) is in one-to-one correspondence with W ∨ , we obtain:
The rest of this section is devoted to the construction of a bijection between MP(n) and P 2 (n). For a partition λ, we denote its transpose by t λ. For two partitions λ, µ, we denote its sum λ ⊙ µ as the set t ( t λ ∪ t µ), regarded as a partition. 
such that i p < λ jp + 1 < i p+1 holds for every possible p. We denote the set of segmented partitions by SP(n).
Lemma 3.4. There exists a one-to-one correspondence between the sets MP(n) and SP(n).
Proof. Let λ be a partition of n. Let x = (x 1 , x 2 , . . .) be a strictly decreasing finite integer sequence. We define
Notice that x does not contain p such that λ p = λ p+1 . We have
It is straightforward to check
Hence, it suffices to construct an injective assignment SP(λ, x) → MP(λ, x). Fix (λ, I) ∈ SP(λ, x). We construct an integer sequence a(λ, I) = (a 1 , a 2 , . . .) inductively as follows:
1. If p > n, then we put a p := 0; 2. Assume that {a q } q>p is already defined. Then, we put
By the definition, we have
Moreover, we deduce
Hence, we deduce (λ, a(λ, I)) ∈ MP(λ, x). Thus, it suffices to show a(λ, I) = a(λ, I ′ ) only if I = I ′ . Assume that I = I ′ . Then, there exists maximal number q such that 1) a p = a ′ p for every p > q and 2) [j, λ q ] is a component of I and not a component of I ′ . Then, we have necessarily a q = a ′ q . Therefore, the assignment
determines an injective map as desired.
Lemma 3.5. There exists a one-to-one correspondence between the sets P 2 (n) and SP(n).
Proof. First, we construct a map P 2 (n) → SP(n). Fix (λ, µ) ∈ P 2 (n). We define j + p := #{ t λ q ; λ q ≥ λ p } + #{ t µ q ; µ q ≥ λ p } and j p := #{ t λ q ; λ q ≥ λ p } + #{ t µ q ; µ q > λ p } + 1. Then, we define
Here we understand [j p , j
Thus, (λ ⊙ µ, I(λ, µ)) ∈ SP(n) follows. Second, we construct a map SP(n) → P 2 (n). Fix (λ, I) ∈ SP(n). Put
It is clear that (µ(λ, I), γ(λ, I)) ∈ P 2 (n). These two maps are mutually inverse, which implies the result.
Theorem 3.1 immediately follows from the combination of Lemma 3.5 and Lemma 3.4.
Realization of Weyl groups
We retain the setting of §2. Let R(H) be the complexified representation ring of an algebraic group H. We define Z := F × N F . We have natural identification
We have an inclusion Z ⊂ F × F . Let p ij : F 3 → F 2 be the (i, j)-th projection (1 ≤ i < j ≤ 3). Since p ij is proper when restricted to p
23 (Z), we have a well-defined convolution map
Theorem 4.1 (Ginzburg). The group K(Z) becomes an algebra via the convolution action. 2
Let t := Lie T . We define
. By the natural W -action on t, the space C[t]
W 0 admits a W -action. Hence, we have their amalgamated product
whose multiplication is given by (w 1 , f )(w 2 , g) := (w 1 w 2 , f w 1 (g)).
For Z-module A, we set A C := C ⊗ Z A.
Theorem 4.2. We have an isomorphism K(Z) C ∼ = W as algebras.
Proof. Choose an element (1, 1,
Corollary 2.13 and Remark 2.2 3), we conclude that K(Z) C is isomorphic to the specialization of the three-parameter Hecke algebra of type C (1) n at q 0 = −q 1 = q 2 = 1 and s = 1 ∈ G. In particular, K(Z) C is isomorphic to the quotient of the group ring of the affine Weyl group W ⋉ X * (T ) by the ideal generated by the maximal ideal m ⊂ R(G) corresponding to 1 ∈ G. (We regard X * (T ) ∼ = Q ∨ , where Q ∨ is the coroot lattice of R.) Here we have Proof. We retain the setting of the proof of Theorem 4.2. The maximal ideal
Remark 4.4. As is shown later, the inclusion of Corollary 4.3 is in fact equal. We can also deduce it directly from the structure of W.
Rough classification of orbits
We assume the setting of all of the previous sections. The goal of this section is to prove:
Theorem 5.1. The map
is surjective.
Proposition 5.2 ([K] 1.9). Every element of N is G-conjugate to a Jordan normal form. 2
Let G 0 ⊂ G be the subgroup such that 1) T ⊂ G 0 and 2) the root system of (G 0 , T ) is {±(ǫ i − ǫ j )} i<j ⊂ R. We have G 0 ∼ = GL(n, C). Let X ǫi−ǫj ∈ LieG 0 ⊂ g be a non-zero root vector of T -weight ǫ i − ǫ j with standard normalization. We put v i,j := exp(X ǫi−ǫj ) ∈ G 0 .
Proof of Theorem 5.1. By Proposition 5.2, we assume X = X 1 + J( λ 0 ) ∈ V + is a Jordan normal form, where λ 0 = (λ, 0). Let i = j be such that λ i ≥ λ j . Then, the elements
fixes J( λ 0 ). (By a weight comparison, these elements do not depend on the order of the product.) Hence, there exists an unipotent stabilizer u ∈ GL(λ i ) ⊂ G 0 of J( λ 0 ) such that supp(g
Repeating these two operations, we conclude that there exists g ∈ G such that gX ∈ ImJ as desired.
An exotic version of Springer correspondence
We retain the setting of the previous section.
Theorem 6.1 (Igusa [Ig73] Lemma 8). Let λ = (λ, 0) ∈ P(n) ⊂ MP(n). Then, the reductive part of the stabilizer of J( λ) is
where the sequence (n 1 , n 2 , . . .) are the number of λ i 's which share the same value.
2
Proposition 6.2. For each X ∈ N, the G-stabilizer of X is connected.
Proof. We put X = X 1 ⊕ X 2 ∈ V 1 ⊕ V 2 . Let G 1 and G 2 denote the G-stabilizers of X 1 and X 2 . We show that G 1 ∩ G 2 is connected. Let G 2 = L 2 U 2 be the Levi decomposition of G 2 . The vector representation V 1 of G is a direct sum of vector representations of (the simple or the G m components of) L 2 . Let g 2 ∈ G 2 be a stabilizer of X 1 which is not contained in the identity component of G 2 . There exists s ∈ L 2 , an unipotent element u ∈ G 2 , and u 2 ∈ U 2 such that u −1 2 g 2 u 2 = su = us. If u = 1, then the algebraic subgroup su ⊂ G 2 is at least one-dimensional. Taking account into the properties of the Jordan decomposition, there exists s ′ u in the identity component of su (or G 2 ) such that u 2 X = suu 2 X = s ′ uu 2 X = us ′ u 2 X. In particular, we can assume u = 1 without the loss of generality. Then, the problem reduces to the connectivity of the stabilizer of a set of elements of the vector representation of a symplectic group. This follows from the connectivity of the stabilizer of one element by induction on the number of elements using the above technique. 
where L O is a vector space and IC(O) is the minimal extension of
Proof. By the BBD-G decomposition theorem (cf. Saito [Sa88] 5.4.8.2), we deduce that
where For O ∈ O N and X ∈ O, we define
where O ∈ O µ is the strata such that O ⊂ O. By the Ginzburg theory, N O is a K(Z)-module. Since G is connected, the G-conjugation of X gives mutually isomorphic K(Z)-modules. Thus, N O is independent of the choice of X as a K(Z)-module with a grading. This implies that all the inequalities are in fact equal. Therefore, the map τ is defined at the whole of O N and the map is injective. Since every simple W -module give rise to a simple K(Z) C -module, the result follows.
Corollary 6.6. The set O N is in one-to-one correspondence with P 2 (n). 2
